The Casimir scaling phenomena of the nonperturbative force is viewed in terms of the hadronic flux tube as described by the dual Ginzburg-Landau (DGL) theory, the dual superconducting scenario of confinement. The ratios of the string tension of flux tube between higher and fundamental SU(3) representations,
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based on the static potential between sources in various SU(3) representations [1, 2] . The Casimir scaling indicates that the ratio of forces at intermediate distances between static charges in D dimensional representation, F D (r), is equal to the ratio of eigenvalue of the quadratic Casimir operator C (2) 
. By using the Dynkin index [p, q] of the SU(3) algebra, we get the explicit form of the eigenvalue of the quadratic Casimir operator as
where the relations T 3 |D max = p+q 2 |D max and
|D max for the highest weight |D max are taken into account. Then, one finds, for instance, the value C , and so on (see , Table 1 ). Thus, for the ratio between D = 8 and D = 3 representations, one gets the well-known factor C (2) (8)/C (2) (3) = 9/4 = 2.25. It is natural to expect that Casimir scaling holds in the short distance force, guided by one-gluon exchange. Since the nonperturbative force at intermediate distance results from interaction with highly non-trivial vacuum, it is rather mysterious why such scaling behavior is observed. Although its detailed mechanism is not clear, this phenomenon triggers a test of QCD vacuum models which explain confinement [3] [4] [5] [6] . The hypothesis of Casimir scaling is also discussed in the evaluation of the string tension of k-strings in generic SU(N) gauge theories [7, 8] . It would be very interesting to assign a mechanism or principle to the Casimir scaling phenomenon of nonperturbative forces.
We want to point out that the dual superconducting scenario of confinement, formulated in terms of the dual Ginzburg-Landau (DGL) theory [9, 10] , seems to be promising to incorporate such mechanism through the flux-tube dynamics. In our recent publication [11] , we have shown that the DGL theory is not contradicting the Casimir scaling phenomena, although this is constructed from QCD via Abelian projection scheme based on the idea of Abelian dominance in the maximally Abelian gauge. One may think that if one naively considers the Abelian projected theory, one would have "Abelian scaling" instead of Casimir scaling (1), controlled by the bases of the Cartan subalgebra as
Then, the ratio between D = 8 and D = 3 representations is reduced to A (2) (8)/A (2) (3) = 3, in clear distinction from the Casimir ratio 9/4. We have found, however, that the ratio of the string tension of flux tubes in the DGL theory between higher and fundamental representations does not show Abelian scaling but approximate Casimir scaling with an appropriate Ginzburg-Landau (GL) parameter. This result looks very suggestive since it means that we do not need all SU(3) generators in order to reproduce the Casimir-like scaling, at least in the framework of the DGL theory. In this paper, we investigate in more detail the Casimir scaling based on the hadronic flux-tube solution in the DGL theory. In particular, we would like to show a figure how this is consistent with Casimir scaling and how it differs from Abelian scaling. Then, we discuss a possible origin of the Casimir scaling of the nonperturbative force.
In order to treat the charges in various SU(3) representations systematically, we start from the Weyl symmetric form of the DGL theory [12, 13] 
where B i µ (i = 1, 2, 3) and χ i (i = 1, 2, 3) denote the dual gauge field and the complex scalar monopole field, respectively. The dual gauge field within the Weyl symmetric expression has a constraint 3 i=1 B i µ = 0. An important structure of the DGL Lagrangian is that the quark current j 
In this framework, the color-electric charge of the quark q j is defined by using the weight vector of the SU(3) algebra w j (j = 1, 2, 3), as Q (e) j ≡ e w j , where
On the other hand, the color-magnetic charges of the monopole field χ i is expressed by the root vectors of the SU(3) algebra 0) . The appearance of the matrix m ij in the dual field strength tensor is due to the extended Dirac quantization condition between the color-electric and the color-magnetic charges, such as, Q (m) i · Q (e) j = 2πm ij , where we have required eg = 4π, and m ij is an integer expressed by using the third-rank antisymmetric tensor ǫ ijk as m ij = 2 ǫ i · w j = 3 k=1 ǫ ijk . Note that using the matrix m ij the dual gauge field is decomposed into two parts as B
where
j µν is the Coulombic field which does not contain any Dirac string, given by †
Typical mass scales in the DGL theory are the masses of the dual gauge field m B = √ 3gv and of the monopole field m χ = 2 √ λv. The inverse of these masses are directly related to the thickness of the flux tube, the penetration depth of the color-electric field and the coherence length of the monopole field, respectively. Their ratio is the so-called Ginzburg-Landau (GL) parameter
which characterizes the type of the dual superconductivity of the vacuum.
The flux-tube solution in the cylindrical symmetric system with translational invariance along the z axis is described by the modulus of the monopole field φ i (r) = |χ i (r)|, the regular part of the dual gauge field B i /r)e ϕ , where r and ϕ denote radial coordinate and azimuthal angle, respectively, and
(7) † The decomposition of the dual gauge field is also given in Ref. [14] in a more elegant way by using the differential form.
Here n (e) j is the winding number of j-type color-electric Dirac string Σ (e) j µν , which takes various integers depending on the dimensions of the representation of charges in SU(3) group (see , Table 1 ). This system corresponds to putting the quark at z = −∞ and the antiquark at z = ∞. The string tension of the flux tube is calculated as [11] σ D = 2π
In the Bogomol'nyi limit κ = m χ /m B = 1, one gets the saturated string tension, analytically, as
Then, the ratio of the string tension between higher and fundamental representations is simply given by
which is just the sum of p and q in the Dynkin index of D dimensional representation of SU(3) group. In the general dual superconducting vacuum type I (κ < 1) and type II (κ > 1), one needs to evaluate the whole expression (8) by solving the field equations numerically.
In Fig. 1 , we show the ratio of the string tension of the flux tube
The ratio of eigenvalues of quadratic Casimir operators
and its Abelian-projected value
are also plotted. We find that the behavior of Abelian scaling is far from our result with finite value of κ. Though it has been discussed that an Abelianprojected theory has Abelian scaling not only for a short-distance force but also for the long-range force [5] , this result shows that such an idea is excluded at least within the DGL theory. Moreover, we find that our numerical result at κ ∼ 9 can reproduce the value of quadratic Casimir ratios, systematically. The agreement with the lattice data in Ref. [1] , which has been studied the ratio of the "string tension," is remarkable, which are reproduced in the type-II dual superconducting vacuum around κ = 3 ∼ 9.
The mechanism is understood as following. In the Bogomol'nyi limit κ = 1, the ratio of the string tension between higher and fundamental representations satisfies the "flux counting rule." That is to say, the ratio d D is simply equal to the number of the color-electric Dirac strings inside the flux tube, as one can see in Eq. (10). This is due to the balance of the propagation ranges of the dual gauge field and the monopole field since m B = m χ . As increasing κ, the interaction range of these fields loses the balance, and an excess of energy appears originating from the self interaction between fundamental flux tubes [15, 16] , which leads to systematic deviations from the flux counting rule. Then, the ratio of the string tensions between higher and fundamental representations accidentally reproduces Casimir-like scaling at κ ∼ 9. Although the flux counting rule in the Bogomol'nyi limit originally comes from the winding number (geometrical origin based on the residual Abelian gauge symmetry in the Abelian-projected theory), the systematic deviation of the ratio of string tensions is completely based on the dynamical mechanism, say the self interaction of fundamental flux tubes.
‡ Note that we cannot directly compare our result with the Ref. [2] , which investigates the ratio of the "static potentials" within the SU(3) lattice gauge theory. Although this lattice data show a very good agreement with the Casimir ratio, almost exact up to the range ∼ 1 fm, it is still premature to conclude the Casimir scaling of nonperturbative force from this, since the potential itself contains the Coulomb part governed by one-gluon exchange and it becomes much stronger for higher dimensional charges. At least when we argue the Casimir scaling of nonperturbative force based on this data, it is important to subtract such contributions to the ratio.
We have studied the string tension of flux tubes associated with static charges for various SU(3) representations within the DGL theory in a manifestly Weyl symmetric procedure. We have found that the ratio of the string tension d D = σ D /σ D=3 , which depends on the GL parameter κ = m χ /m B , is not only far from "Abelian scaling" at finite value of κ, but provides also "Casimir-like" scaling at κ ∼ 9. We have also found that the result in the region κ = 3 ∼ 9 is consistent with the lattice data [1] . Then, it could be interesting to apply the DGL theory with these GL parameters to other nonperturbative phenomena. For instance, the application of the DGL theory at κ = 3 to the investigation of the glueball state is given in Ref. [17] . It is worth mentioning that U(1) dual Abelian Higgs (DAH) model § can also reproduce "approximate" Casimir scaling with κ = 3 ∼ 9 for the ratio of adjoint to fundamental string tension, as obtained within the SU(2) lattice gauge theory as σ j=1 /σ j=1/2 = 2.21 ∼ 2.83 [18] . However, it should be noted that a very large κ is required to reproduce the "exact" SU(2) Casimir ratio C (2) (j = 1)/C (2) (j = 1/2) = 8/3 = 2.67 within the U(1) DAH model. Contradiction of these GL parameters κ = 3 ∼ 9 to the value κ ∼ 1 suggested from the investigation of the flux-tube profile within the SU(2) lattice gauge theory [19, 20] is still missing puzzle. But this result is from only the coupling β SU(2) = 2.5115, we need more investigation for other couplings in order to know scaling behavior of the GL parameter. Moreover, it would be interesting to study the flux-tube profile within the SU(3) lattice gauge theory. Finally, we would like to emphasize that although we could obtain Casimir-like scaling, this result is not related to the ratio of the eigenvalues of quadratic Casimir operators. In other words, not only group theoretical factors, which means all SU(3) generators T a (a = 1 ∼ 8), but also dynamical mechanisms, such as the formation of the flux tube, can become ‡ In this analysis, the higher dimensional flux tube is assumed to be stable that it does not split into fundamental ones, which may correspond to no screening of adjoint string tension. However there must be a certain critical q-q distance depending on the GL parameter that such splitting effect cannot be negligible. § One may say, the U(1) DGL theory. a possible origin of "Casimir scaling" phenomena suggested by lattice QCD simulations.
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